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Controlling states and growths of a microscale bubble (or pendant drop) in a static liquid on a solid sur-
face (or orifice) can be achieved by introducing general dimensionless phase diagrams provided in this
work. Nowadays, microbubbles are often used to control transport phenomena in various micro- and
nano-technologies. This work parametrically presents general three-dimensional phase diagrams of a
microbubble on a solid surface by applying perturbation solutions with accuracy to the second power
of Bond number of Young-Laplace equation in the literature. The phase diagrams are found to be divided
into three regions, depending on if the microbubble surface contains the inflection point or neck. The gen-
eral growth, departure and entrapment of a microbubble thus can be described by path lines on diagrams
by adjusting two of three dimensionless parameters governing the apex and base radii, and contact angle
to satisfy the desired requirement. The initial condition is Bond number, defined as the ratio of hydro-
static and capillary pressures at an initial or critical state. Validity of this model is confirmed by compar-
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ing with available theoretical data, agreed with experimental results in the literature.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

The kinetics of nucleation, growth, departure, or merger of bub-
bles due to overheat, supersaturation, cavitation and electrical po-
tential strongly affect heat, momentum, and mass transport rates
in ubiquitous fields, such as nucleate and pool boiling [1], bubble
columns intensively utilized as multiphase contactor and reactors
in chemical, petrochemical, biochemical and metallurgical indus-
tries [2], separator [3], floatation [4], cavitation [5], drag reduction
[6], sonoluminescence [7], sonochemistry [8], surface cleaning [9],
membrane processes [10], and metallurgical processes for degas-
sing of liquid metals [11], steel making and metal refining [12], slag
foaming [13], removal of non-metallic inclusions [14], and pore
formation in solids [15], etc.

Recently, controlling microscale bubbles has been found to play
a very important role in micro- and nano-sciences and technolo-
gies, such as ink-jet printing [16], pump and valves [17-20], ultra-
sound diagnostics [21], drug delivery and gene transfection [22],
etc. The inkjet printer industry [16] is the earliest use of microbub-
bles to create a jet of fluid for printing. In a thermal inkjet, a short
duration electric pulse around several microseconds is applied to a
resistive heater to generate a high heat flux. The ink thus becomes
highly superheated. This leads to sudden formation of a vapor bub-
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ble, which generates a pressure impulse to push the growth of the
bubble. The rapid growth of the bubble then ejects a small drop of
ink out of a nozzle located near the heater. Once the bubble col-
lapses, the nozzle is refilled and ready for the next pulse. The pro-
cess of thermal inkjet printing thus is divided into three stages,
bubble nucleation and growth, bubble collapse, and droplet
ejection.

Microbubbles have been also employed in microfabricated de-
vices such as pumps, valves and actuators [17-20]. The absence
of extraneous moving components in designs renders them highly
practical for future microscale applications. The use of microbub-
bles in microfluidic devices has been demonstrated by Prosperetti
and coworkers [17], who generated vapor bubbles by electrically
heating a filtered saturated solution of table salt in water. In view
of the difference in capillary pressures at different locations deter-
mined by the designed shape of the microchannel, the periodic
generation and collapse of a single microbubble result in a pump-
ing effect. Lin and Pisano [18] also demonstrated bubble-powered
microactuators by using the pressure of a growing and collapsing
microbubble to mechanically push and then release microcantile-
ver plates. They further used the rapid expansion of a microbubble
to provide a transient force to switch valves in a microdevice [19].
Electrolysis is another way to generate gas bubbles acting as tran-
sient pistons and valves [23]. Displaced bubble can also block the
path of a light beam, creating an optical switch [24].

Using tiny bubbles to perform logical operations could lead to
smart lab-on-a-chip devices for drug discovery and chemical and
biological analyses. More recently, Prakash and Gershenfeld [25]
have designed complex intersecting channels that direct tiny
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Nomenclature

Bo Bond number, defined in Eq. (5)

hg liquid depth, as illustrated in Fig. 1

L microbubble radius at 7t/2

p pressure

Poo capillary pressure at microbubble apex, defined in Eq.
(3)

r cylindrical coordinate

Ry initial or critical radius

R(0) radius of curvature at microbubble apex

Ry, R,  radii of principal curvature, 1/R; = d¢/ds, 1/R, = sing/r

S arc length measured from axisymmetric axis

z cylindrical coordinate, as illustrated in Fig. 1

Zp bubble height, as illustrated in Fig. 1

Greek letter

o surface tension

¢ inclination angle, as illustrated in Fig. 1

Subscripts

a atmosphere

B base

g gas

I inflection point
l liquid

N neck

ou outer limit

v vapor

0 initial state
Superscripts

~ dimensional quantity

* . . .
dimensionless quantity

bubbles to various locations on the microfluidics chip. Electronic
devices control the frequency with which bubbles enter the micro-
fluidic chip. Several types of intersections act as different types of
logic gates, like those on computer chips. By controlling the timing
of the bubbles and the types of logic gates used, researchers can
design circuits on microfluidic chips for different tasks including
computation, chemical and biological analyses. The idea is eventu-
ally to enclose biological samples inside the bubbles. Then the bub-
ble logic circuits will make it possible to test hundreds of reagents
on a DNA sample, for example, or make all possible combinations
of different chemicals to discover possible drugs.

Microbubbles have also become increasingly popular as con-
trast enhancers in ultrasound diagnostics [21]. A solution of micro-
bubbles is injected into the bloodstream. The bubbles scatter
ultrasound more efficiently than tissue or blood, and thus permit
efficient flow visualization. For strong ultrasound, the bubbles also
emit sound in higher harmonics. Those harmonics allow for better
contrast to tissue, which scatters sound at mainly the fundamental
frequency. In other work, a new trend in bubble medicine is to use
the same kind of microbubbles for therapy, in which the bubbles
can act as vectors for directed drug delivery and gene transfection
into living cells [22]. The permeability of cell walls for large mole-
cules such as drugs and genes is dramatically increased in the pres-
ence of ultrasound and microbubbles.

Evidently, finding parameters to control the state and growth of
a microbubble is of practical and academic importance. The growth
of a bubble, however, exhibits rather complicated patterns. Chest-
ers [26] is the first to propose that the observed growths and
departure of a bubble at an orifice can be categorized into modes
A and B. Mode A is referred to the growth of a bubble having good
wettability and the base attached to the orifice edge. The bubble
growth for mode B is for poor wettability resulting in the base to
spread over the plate surrounding the orifice. In both models, the
bubble expands and then shrinks. As the concave radius of the neck
vanishes, the bubble departs from the wall. The transition between
two modes was ruled by actual contact angle, determined from the
bubble profile by solving Young-Laplace equation [27]. If the actual
contact angle is less than the equilibrium contact angle, mode B
took place. Proposing departure as the maximum volume is
reached, bubble sizes at detachment in modes A and B and forces
involved during the bubble growth were estimated.

Fundamental and simple analyses can often give good insight
into understanding of complicated growths of a bubble. Gerlach

et al. [28] numerically solved Young-Laplace equation to predict
static formation of air bubbles emanating from an orifice. Instead
of applying the theory of contact angle hysteresis, bubble forma-
tions in modes A and B were predicted by choosing different
boundary conditions, for example, a given radius of the bubble
base, which is allowed to spread over the surrounding plate. The
results showed that the predicted bubble shapes for both modes
agreed well with measurements by using a shadow imaging tech-
nique. Mode A was found to depend on the ratio between orifice
radius and Laplace constant. Transition from mode A to B occurred
if the instantaneous contact angle fell below the equilibrium con-
tact angle. The bubble formation for mode B contracted towards
the orifice before departure. The sequences of departure thus in-
clude transitions from mode A to B and then B to A.

The general solutions for the microbubble shape can be
adopted from analytical approximate solutions of small sessile
and pendant drops subject to a small Bond number, as presented
by Chesters [27] and O’Brien [29], respectively. Small Bond num-
ber implies hydrostatic pressure to be much less than surface ten-
sion. Since the first-order perturbation for hydrostatic pressure
results in singularity at inclination angle 7, the solution provided
by Chesters [27] was improved by O’Brien [29] by applying the
formal singular perturbation method to obtain solutions of a pen-
dant drop in the outer, lower and upper interior-layers, neck and
top boundary layer regions. The bubble shape in region I is de-
scribed by an outer limit solution where capillary and net pres-
sures are the dominant forces perturbed by hydrostatic
pressure, and upper-interior-layer solution in the absence of
hydrostatic pressure. Bubble shape in region II contains the low-
er-interior-layer solution where hydrostatic pressure is neglected,
and a solution in the neck region where capillary pressure is the
only force accounted for. Since solution in the neck region exists
singularity as the inclination angle approaches zero near the base,
bubble shape in region III includes solutions of the neck region,
and a boundary layer where net and capillary pressures are the
dominant forces. O’Brien [29], however, did not extensively study
the effects of dimensionless parameters and boundary condition
at the base on the bubble shape. Determination of the radius at
inclination angle of m/2 chosen as a length scale was not pre-
sented. Detailed and analytical investigations of bubble growth,
entrapment, or necking and departure affected by different work-
ing parameters have not been generally presented. This becomes
the objective of this work.
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In this work, complicated growths of a microbubble or pendant
drop in a static liquid on a solid surface or orifice can be described
by introducing the three-dimensional general phase diagrams,
accurately and relevantly obtained from fundamental and analyti-
cal results for a small Bond number [29]. The growth, decay,
entrapment and departure of a microbubble on a surface thus are
delineated from different path lines in the phase diagrams. The
present study provides quantitative understanding and controlling
of the microbubble growth behavior for the designs in ubiquitous
micro- and nano-sciences and technologies, as mentioned previ-
ously, by simply adjusting two independent working parameters.

2. System model and analysis

In this work, a microbubble in height z is emanated at a solid
surface, as illustrated in Fig. 1(a). The solid surface is located at
depth hg below the free surface between the liquid and atmo-
sphere. A cylindrical coordinate system rz and an inclination angle
¢ are chosen, where axial coordinate z is pointed opposite to the
gravitational direction. On the other hand, coordinate Z is directed
in the gravitational direction. Radii of curvature at the apex and
base, and contact angle of the microbubble are, respectively, de-
noted by R(0), rg and ¢p. A pendant drop is also illustrated in
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Fig. 1. Physical model and coordinates for (a) a bubble, and (b) a pendant drop on a
solid surface or orifice.

Fig. 1(b), where axial coordinates z and z are in the direction and
opposite direction of gravitational force, respectively. The major
assumptions made are the following:

1. The bubble is tiny in a microscale. Bond and Biot numbers
therefore are much smaller than unity. Analytical perturbation
solutions for the shapes of a lumped microbubble therefore
can be relevantly obtained [29].

2. The system is static. The static liquid implies ignorance of tan-
gential and normal viscous stresses and surface tension gradi-
ent force in the liquid. Liquid pressure is hydrostatic.

3. Gas, liquid, and capillary pressures are balanced at the micro-
bubble surface, governed by the Young-Laplace equation. The
microbubble shape thus is determined by solving Young-
Laplace equation. In fact, studying bubble dynamics requires
Rayleigh-Plesset equation [30], representing balance of accel-
eration of the bubble surface, normal stresses of gas and
liquid, capillary pressure and viscous stress on the surface.
Time scale for a microbubble growth, however, is usually
greater than 10" s, which leads to acceleration of the bubble
surface around 10° Pa being much less than gas and capillary
pressures around 10° Pa. Viscous term uR/R is estimated to
be 10%Pa. Rayleigh-Plesset equation thus is reduced to
Young-Laplace equation.

With the above assumptions, balance of normal stresses at a lo-
cal position on the microbubble surface governed by Young-La-
place equation yields

g2+a<l+l)—p (1)
pé‘ Rl Rz = Pa0
where terms on the left-hand side represent hydrostatic and capil-
lary pressures, respectively, and the term on the right-hand side is
capillary pressure at the microbubble apex. Radii of principal curva-
tures in Eq. (1) are given by

di\?  (dz\* 4, 1 sing
“(g) (@)™ &= @

where the first radius of curvature are positive in region I, and neg-
ative in regions Il and III, respectively, while the second radius of
curvature is always positive in all regions (see Fig. 1(a)). Capillary
pressure at the apex on the right-hand side of Eq. (1) is given by

1 _do_
Ri&

oo = Pg +Dv —Da — pgg(flg —zp) for a microbubble
° —Pg — Dy +Da+ plg(flg +2zp) for a pendant drop

which indicates that capillary pressure at the apex equals the sum of
gas and vapor pressures in the microbubble (outside the pendant
drop), atmospheric pressure, and liquid hydrostatic pressure at the
apex of the microbubble (or pendant drop). Even though liquid flow
is accounted, hydrostatic pressure can be considered as the first
approximation to liquid pressure around the microbubble based on
Taylor series expansion of coordinate z. Governing Eq. (1) together
with Eq. (2) can be separated into two dimensionless equations

dr 1 Cos ¢ daz rsin¢ )
d$ ~ Bor(p,o—z')—sing’d¢p ~ Bo r(pyo —z*) — sing
where dimensionless variables and parameters are defined as
5 = > P2
po=220  r=l_p =2 Bo = 28R (5)
P&Ro Ro Ro o

Capillary pressure at the apex is related to the apex radius of curva-
ture by
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2
BOp a0

which is obtained by evaluating Eq. (1) at the apex. Axisymmetric
boundary conditions at the apex are

r=0z=0 at¢=0 (7)

R(0) = (6)

The base radius is specified by
rg = (¢, Bo,R(0)) (8)

which implies that three independent parameters are required to
specify the shape of a microbubble. The conventional Young's
equation representing balance of surface tensions at the
triple-phase-line in static equilibrium has usually been chosen
as a boundary condition [31]. Owing to strict limitations of
Young's equation [32], specification of base radius or contact an-
gle in Eq. (8) can be adopted for a general and relevant
investigation.

2.1. Analytical solutions for microbubble shape

Analytical solutions of Egs. (4) and (7) governing the shape of a
microbubble have been provided by O’'Brien [29]. They are rewrit-
ten as follows:

Region I. The solutions in the region between the apex and
inflection point are

=L sinfﬁfn;q%r% (T — )? WLZBO}
+%L3Bo<n3¢—coszr/)tan%> 9)

z;u:L{lfcos¢+<%¢>zf”;¢ (T — )2 ——LZBO}
—§L3Bo-{%(1+cos¢7cosz¢+21ncos§>
+1n[ﬁ (= ) — LZBO+”} (10)

This region is ended at the inflection point located at
20 . 1, 6 B
= \@L VBo.Z =2L+5l Bo{ln <%> - 1} b =T

Region II. Solution in the region between the inflection and neck
points

\/gL\/l%

(11)

=g [ 0= (- 07~ 2Bo 1B - ) (12)
z,*N=L[2 <”2¢) +T¢ (n—(p)z—ngBo]
7§L3Bo{7%+lntan§+ln <T¢> (nfgbfm) }
(13)
where the neck is located at
= §L3Bo z = 2L—§L3B oln <L230> n=75 (14)

Region III. Solutions in the region between the neck and rim of
the microbubble on the solid surface

L [ 2 11
r;«VB:2<¢ ¢ — LzBo>+3L3Bo<Sm¢ ¢> (15)

s 4)2 ¢ 2 2 3 1 (j)
ZNBL<2+T_Z ¢’ —§L Bo>—§L Bo{i—&—lntanE
[*Bo 1/, 8,
+1n ]2<1+¢ ¢ 7§L Bo)}} (16)

where the rim of the microbubble is located at

ry= \/2L2\/l§ zy=2L+1°Bo 1n(i)+1 b5 = \/EL\/B—O (17)
B3 B ’Bo’ "3|"" V3
Dimensionless radius L, representing the radius at inclination angle

of 1/2, in Egs. (9)-(17) is determined by introducing the axisym-
metric condition at the apex R(0) =dr'/d¢ at ¢ =

R(0) = L(l éLzBo> (18)

which implies that the microbubble is spherical in shape for zero
Bond number. Furthermore, radius L is always greater than apex ra-
dius R(0). As Bond number increases, multiple solutions for radius L
may take place. The solution procedure is that given Bond number,
base radius rp is determined from Egs. (9), (12), or (15) by varying L
and ¢p. Apex radius R(0) is calculated from Eq. (18).

3. Results and discussion

In this work, a parametric investigation indicates that three
independent dimensionless parameters are required to specify
states of a microbubble (or pendant drop) in a static liquid on a so-
lid surface (or orifice), as can be seen from Eq. (8). The universal
dimensionless phase diagram thus can be expressed by dimension-
less apex radius (R(0)) as a function of Bond number (Bo), dimen-
sionless base radius (rg) and contact angle (¢g) of a microbubble.
Dimensionless apex radius R(0) at any instant time is inversely
proportional to dimensionless capillary pressure at the microbub-
ble apex (see Eq. (6)), which accounts for the effects of the gas and
atmospheric pressures, and hydrostatic pressure at the microbub-
ble apex beneath the free surface between the liquid and atmo-
sphere (see Eq. (3)). The dimensionless phase diagram can be
universally specified by two independent dimensionless parame-
ters [33,34], provided that the length scale is chosen to be the apex
radius, leading to dimensionless apex radius R(0) = 1. Owing to the
time-dependent apex radius, it is, however, difficult to study gen-
eral growths of a microbubble in such a phase diagram. In order to
trace the growth of a microbubble, choosing a time-independent
length scale such as the radius of curvature at the apex at the crit-
ical and initial state of the microbubble is convenient. It should be
noted that choosing different length scales is trivial. As can be seen
from Eqgs. (9)-(18), radius L determined from Eq. (18) is responsible
for the shape and phase diagram of a microbubble, regardless of
different choices of the length scale. The initial condition thus
can be specified by Bond number, defined as the ratio between
hydrostatic and capillary pressures at the initial or critical state.
The growth of the bubble thus can be determined by tracing the
path line on the phase diagram from controlling the variations of
the apex radius, base radius or contact angle with time.

To confirm validity of the present model, the bubble shapes and
volume numerically predicted data selected for different Bond
numbers from Gerlach et al. [28] are compared with analytical pre-
dictions from this work, as shown in Fig. 2(a) and (b), respectively.
Choosing dimensionless orifice radii r5//20/pg=0.2 and 0.3
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Fig. 2. A comparison of (a) bubble shape and (b) bubble volume between
numerically predicted data selected from [28] and analytical results from this work.

estimated, for example, from an air bubble with a base radius of
around 8 x 10 m in water, the predicted bubble shapes show
good agreement with fourth-order Runge-Kutta results [28]. It is
noted that Gerlach et al. [28] have validated their numerical results
with experimental data obtained by using shadow imaging and im-
age processing. Studying microbubble states and growths in a sta-
tic liquid on a solid surface provided by this work under the
assumptions, mentioned previously, therefore is relevant.

In view of small Bond number, analytical solutions provided by
O’Brien [29] can be relevantly applied to study the states and
growths of a microbubble or pendant drop on a solid surface or ori-
fice in this work. Fig. 3(a) shows the computed dimensionless
phase diagram of dimensionless apex radius as a function of
dimensionless base radius and contact angle for a given small Bond
number 1.49 x 10%.The value of Bond number is estimated from a
typical radius around 30 pm of a superheated microbubble gener-
ating water-based inkjets having surface tension of 0.06-0.073 N/
m in thermal inkjet printing [16,34]. The radius of the microbubble
can be predicted from Eq. (6) by substituting gas pressure around
10* Pa, as used by Asai et al. [35-37] in thermal inkjet printing.
In fact, capillary pressure at the apex or gas pressure in the micro-
bubble can be a function of temperature, concentration, pressure,
and electrostatic potential fields surrounding the bubble. As long
as time-dependent capillary pressure at the apex is known, Eq.
(6) is used to determine time-dependent apex radius. A further
specification of time-dependent or stationary base radius subject
to an initial condition of Bond number determines microbubble
growths, delineated by path lines on the phase diagram.

Any point on the phase surface stands for a microbubble state,
characterized by its surface shape. That is, a point in region I (in
pink) represents a state of a microbubble characterized by a sur-
face in the absence of an inflection point, while that in region II
(in green) is referred to a surface having an inflection point. Both

the inflection and neck points appear on the microbubble surface
for a point in region III (in blue). A microbubble does not exist if
its state is not lying on the surface of the phase diagram. For the
sake of clarity, the solid and dashed lines are plotted to represent
constant dimensionless base and apex radii, respectively. It can
be seen that region II and III always take place for small dimension-
less base radii. Depending on the contact angle, the microbubble
for a small dimensionless base radius can be in state I, I or IIL
Dimensionless maximum base radius occurs near contact angle
of m/2 for a given dimensionless apex radius. Bifurcation is seen
in region I in the case of a high dimensionless base radius. The
dimensionless maximum base radius decreases with the dimen-
sionless apex radius. In other words, for a given dimensionless base
radius the dimensionless apex radius has the minimum value,
which decreases with reducing the dimensionless base radius.
Steep phase surface for regions II and III reflects the strong effects
of small base radius on transitions between regions II and III.

The corresponding dimensionless height of the neck as a func-
tion of dimensionless base radius and contact angle is shown in
Fig. 3(b). The solid and dashed lines stand for constant base radius
and neck height, respectively. It is evidently seen that a microbub-
ble surface containing a neck takes place for the contact angle less
than 1t/2 in region IIl. The lower bound of the contact angle is an
increasing function of the base radius. The dimensionless neck
height is found to increase and decrease with increasing the con-
tact angle for a given dimensionless base radius. The maximum
height of the neck occurs near the contact angle around 0.5. Given
a contact angle the neck height increases with base radius. The
neck height can be 0.35 times of the apex radius for dimensionless
base radius around unity. The corresponding dimensionless neck
radius as a function of dimensionless base radius and contact angle
is shown in Fig. 3(c). The dimensionless neck radius increases with
the contact angle and base radius for a given dimensionless base
radius and contact angle, respectively. As mentioned previously,
the necessary condition for departure of a microbubble is zero neck
radius. This is achieved by reducing the base radius to zero, which
also leads to zero neck height by referring to Fig. 3(b). Given con-
tact angle or dimensionless apex radius and base radius, a micro-
bubble shape having the inflection point and neck or not in a
static liquid on a solid surface can be determined from simulta-
neously taking into account Fig. 3(a) through (c).

The computed dimensionless phase diagram of a microbubble
on a solid surface by increasing Bond number Bo =1.49 x 1073 is
shown in Fig. 4(a). Referring to Fig. 3(a), the phase surface is found
to be more slant by increasing Bond number. It can be seen that
points A through G, for example, represent different states of a
microbubble in distinct regions. States A in region I to state B in re-
gion Il is a process by increasing and decreasing apex radius R(0)
(namely, decreasing and increasing dimensionless capillary pres-
sure at the apex, as can be seen from Eq. (6)) with the same base
radius. The growth of the microbubble is characterized and de-
scribed by its surface in the absence of the inflection point in re-
gion I, and in the presence of the inflection point in region II, and
the presence of both inflection point and neck in region III associ-
ated with an increase in contact angle through the inclination an-
gle at the inflection point, and decrease in contact angle through n/
2 at the neck and reaching a contact angle in region IIl with the
same base radius. Since the maximum apex radius takes place at
contact angle of /2, no states exist if apex radius further increases
from regions II to III, or vice versa. Therefore, closely controlling
capillary pressure at the apex near the neck region is important.
The process from states B, C to D in region III is accomplished by
reducing apex radius at the same contact angle, whereas the base
radius is slightly decreased. State C in region III can also be ob-
tained from state A in region I by maintaining the same apex radius
and reducing the base radius. Hence, the process from states A, B to
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Fig. 3. (a) Predicted dimensionless phase diagram of a microbubble (or pendant drop) at solid surface (or orifice) for Bond number Bo =0.000149; (b) and (c) the

corresponding dimensionless height and radius of the neck.

C precisely controlled by capillary pressure at the apex and contact
angle is ineffective in comparison with states A to C by simply
varying the base radius. It can also be seen that state G in region
I can be reached from states A to F in region I by decreasing and
increasing apex radius at the same base radius and states F to G
by increasing base radius at the same apex radius. State G can also
be reached from state A by increasing the base radius at the same
apex radius to state E in region I, and then increasing apex radius at
the same contact angle in region I. Provided that initial and final
states are chosen, the phase diagram can provide the optimistic
way among different paths to satisfy desired requirements. Refer-
ring to Fig. 3(a) it can be seen that the states and growths of a
microbubble are quite similar except that the transition between
regions II and III is rapid for a small Bond number.

The corresponding dimensionless height and radius of the neck
for Bond number of 1.49 x 107 are shown in Fig. 4(b) and (c), respec-
tively. Referring to Figs. 3(b) and (c), it can be seen that dimensionless
height and radius of the neck are increased with Bond number. Both
the height and radius of the neck decrease from states B through C to
D (see Fig. 4(a)). The microbubble is readily departed at state D. Pro-
vided that state B is the end state, the path from state A to B is a better
process to prevent from departure than the process from A, C to B.

The computed microbubble shapes corresponding to different
paths in previous Fig. 4(a) through (c) are shown in Fig. 5(a)
through (e), respectively. The microbubble surface apparently
shows and confirms expected different shapes in distinct regions
experiencing different paths.

4. Conclusions
The conclusions drawn are the following:

1. General three-dimensional dimensionless phase diagrams of a
microbubble (or pendant drop)inastatic fluid on a surface (or ori-
fice) are introduced in this work. The universal phase diagram for
agiven Bond number is found to be a function of two independent
dimensionless parameters, the contact angle and base radius (or
apex radius) of the microbubble. The present model is validated
by successful comparison of microbubble shapes and volume
with available numerical predictions, confirmed by experimental
measurements in the literature.

2. The initial condition can be specified by Bond number, defined as
the ratio between hydrostatic and capillary pressures at the crit-
ical or initial state. The time-dependent apex radius is calculated
fromEq. (6), provided that the time-dependent capillary pressure
at the apex is specified or determined from Eq. (3) accounting for
the effects of gas and atmospheric pressures, and hydrostatic
pressure at the apex beneath the free surface between the liquid
and atmosphere. The growth, decay, entrapment and departure
of the bubble thus can be determined by tracing the path lines
on the phase diagrams from controlling the variations of the apex
radius, base radius or contact angle with time.

3. The dimensionless phase diagram can be divided into three
regions. A point in region I represents a state of a microbubble
characterized by its surface in the absence of an inflection point,
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while that in region II is referred to a surface having an inflec-
tion point. Both the inflection and neck points appear on the
surface for a point in region IIL

. Different states or paths for growths of a microbubble on a
solid surface can be selected to satisfy specific requirements.
For example, a state characterized by the microbubble surface
containing an inflection point and neck in region IIl can be
obtained from the state in the absence of the inflection point
and neck in region I by maintaining constant base radius and
changing capillary pressure at the apex, or maintaining
constant capillary pressure at the apex and changing the base
radius. Provided that we need to change a microbubble with
a contact angle from being greater than to less than m/2 in
region I, we can decrease and increase the apex radius at
the same base radius, and then increase base radius at a con-
stant apex radius. Another way is to increase and decrease
the base radius and increase apex radius at a constant contact
angle. Any two states on the phase diagram can be related by
choosing different paths from changing the base radius,
capillary pressure at the apex, contact angle, and Bond
number.

. The states and growths of a microbubble have bifurcation solu-
tions in region I in the case of a large base radius, and regions I,
I and III for a small base radius. The maximum base radius and

8.
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Fig. 4. (a) Predicted dimensionless phase diagram of a microbubble (or pendant drop) at solid surface (or orifice) for Bond number Bo = 0.00149; (b) and (c) the corresponding
dimensionless height and radius of the neck.

minimum apex radius occur for a given apex radius and base
radius, respectively. A microbubble does not exist if its state
is not lying on the surface of the phase diagram.

. Phase transition is strongly affected by small base radius by

comparison with capillary pressure at the apex and contact
angle. The phase diagrams become more slant as Bond number
increases, indicating that the effects of the small base radius on
the rapid transition between regions II and III are reduced.

. Both the dimensionless height and radius of the neck are

increased with Bond number. Rather than a monotonic increase
in neck radius, the neck height for a given base radius increases
and decreases with increasing the contact angle. An increase in
the base radius for a given contact angle results in the height
and radius of the neck to increase. The lower bound of the con-
tact angle also increases with the base radius. The necessary
condition for departure of a microbubble on a surface is zero
base radius, leading to zero radius and height of the neck.

The static and dynamic behaviors of modes A and B proposed in
the literature can be extensively studied from the phase and lift
force diagrams, if the variations of base radius (or contact angle)
and Bond number are specified.

. This work provides systematical, general and quantitative

understanding of microbubble behavior controlled by the time
variations of the contact angle and base radius (or apex radius)
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Fig. 5. Predicted microbubble shapes (a) through (e) for states A through H shown in Fig. 4(a) through (c).

for the designs in micro- and nano-sciences and technologies,
such as ink-jet printing, micropump and valves, ultrasound
diagnostics, drug delivery, gene transfection, lab-on-a-chip,
microfluidic bubble logic, etc.
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